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$(U\xi)(x)=$ l4 $( \frac{x}{N})$ for $\xi\in L^{2}(\mathrm{R}),$ $x\in \mathrm{R}$
$(T^{k}\xi)(x)=\xi(x-k)$ for $k\in \mathbb{Z},$ $\xi\in L^{2}(\mathbb{R}),$ $x\in \mathrm{R}$
. $N$ 2 . $L^{2}(\mathrm{R})$ $\{\psi_{i}\}_{i=1,\ldots,N-1}$
$\{U^{j}T^{k}\psi_{i}\}_{*=1,\ldots,N-1}^{j,k\in \mathrm{Z}}$. $L^{2}$ (R) . Haar
$\psi_{1}(x)=\{$
1if $0\leq x\leq 1/2$





LL $L^{2}([0,2\pi))$ , $\psi_{L}$ (t) $=e^{-it}$ $\psi_{L}$ (nt)
$U_{n}$ $\{U_{n}\psi_{L}\}_{n\in \mathrm{Z}}=\{e^{-\dot{\cdot}nt}\}_{n\in \mathrm{Z}}$ . , $l^{2}(\mathbb{Z})$
$\psi_{l}(i)=\delta(i)$ $*$}$\backslash$ $|_{\vee}$ $\psi\downarrow(i-k)$ $T$ $\{T^{k}\psi_{l}\}_{k\in \mathrm{Z}}=\{\delta(i-k)\}_{k}$ \epsilon z
. $U_{n}$ $T$ .
$L^{2}$ (\rightarrow 2 $(U,T)$
.
, Haar $\psi_{1}$ $U$
$\varphi(x)=\{$








. $\varphi$ Haar father . $N=2$
Haar , $\varphi$ $\psi_{1}$ . ,






L2. $V_{0}$ $U$ $U^{-1}$
$\ldots\subset U^{2}V_{0}\subset UV_{0}\subset V_{0}\subset U^{-1}V_{0}\subset U^{-2}V0\subset\cdots\subset L^{2}(\mathrm{R})$
.
, $\psi$ 1/2 $\psi\in U^{-1}V_{0}$ , , $\varphi$



























1.4. $\varphi$ , $\{T^{k}\varphi|k\in \mathbb{Z}\}$ L2(\rightarrow
$\sum_{l\in \mathrm{Z}}|\hat{\varphi}(t+2l\pi)|^{2}=1$ ,





























$\xi_{f}(z^{2})m_{0}(z)$ , $z\in \mathrm{T}$
. $L^{2}(\mathrm{T})$ $S_{0}$
$(S_{0}\xi)(z):=m_{0}(z)\xi(z^{2})$ , $z\in \mathbb{Z}$ , $\xi\in L^{2}(\mathrm{T})$
$\overline{UV_{0}}=\{(S_{0}\xi)(e^{-it})\hat{\varphi}(t)|\xi\in L^{2}(\mathrm{T})\}$
. $\{T^{k}\psi\}_{k\in \mathrm{Z}}$ $W$ ,










$\mathcal{F}_{\varphi}$0 $0$ ) $=L^{2}(\mathrm{T})$
$\mathcal{F}$,(U$V_{0}$ ) $=S_{0}$ (L2 (T))
$F_{\varphi}$ (U$Wo$ ) $=S_{1}(L^{2}(\mathrm{T}))$
.
L5. $V_{0}=UV_{0}\oplus UW$0 , $S_{0}$ $S_{1}$ ,
$S_{\mathit{0}}S_{0}^{*}+S_{1}S_{1}^{*}=I$
.
$S_{0}^{*},$ $S_{1}^{*}$ . $f\in L^{2}(\mathbb{T})$
$\int_{\mathrm{T}}f(z)dz=\frac{1}{2}\int_{\mathrm{T}}f(\sigma_{0}(z))dz+\frac{1}{2}\int_{\mathrm{T}}f(\sigma_{1}(z))dz$
.
$\sigma_{0}$ : $e^{-it}\mapsto e^{-}it/2$
$\sigma$1: $e^{-it}\mapsto$ e-j(t/2
$+$2yr/2)





$(S_{0}^{*} \eta)(z)=\frac{1}{2}\sum_{w^{2}=z}\overline{m_{0}}(w)\eta(w)$ , $z\in \mathrm{T}$
. $S_{1}$
$(S_{1}^{*} \eta)(z)=\frac{1}{2}\sum_{w^{2}=z}\overline{m_{1}}(w)\eta(w)$ , $z\in \mathbb{T}$
.
L6. $\varphi$ $\psi$










, $N$ . $m_{0},$ $\ldots,$ $m_{N-1}\in L^{2}$ (T)
$(S_{\dot{l}}\xi)(z):=m_{i}(z)\xi(z^{N})$ , $z\in \mathbb{Z}$ , $\xi\in L^{2}(\mathrm{T})$
, $N=2$




i $(t)= \frac{1}{\sqrt{2}}$m$:(e^{-jt/2}) \hat{\varphi}(\frac{t}{2})$
,
$\sum_{w^{N}=z}\overline{m_{i}}(w)m_{j}(w)=N\delta_{ij}$
, $i,j=0,1,$ $\ldots$ , $N-1$ $(*)$
. $L^{2}$ (T) { $m\mathrm{J}_{i=0}^{N-1}$ , $(*)$
, $m_{i}$ $S_{1}$. Cuntz
$s_{\dot{\iota}j}^{*s=\delta_{ij}}$ I, $\sum_{\dot{\iota}=0}^{N-1}S_{i}S_{1}^{*}$. $=I$
. $\cdot$ . , $\xi\in L^{2}$ (T)
$(S_{i}^{*}.S_{j}\xi)(z)=S_{i}^{*}(m_{j}(z)\xi(z^{N}))$
$= \frac{1}{N}\sum_{w^{N}=z}\overline{m_{\dot{\iota}}}$ (w)(mj(w)$\xi$(w$N)$ )
$= \frac{1}{N}\xi(z)\sum_{w^{N}=z}\overline{m_{i}}$ (w)m$j(w)$





$\{\sum_{i=0}^{N-1}S_{i}S_{\dot{l}}^{*}\xi,$ $\xi\}=\sum_{\dot{\iota}=0}^{N-1}\langle S_{i}S_{i}^{*}\xi, \xi\rangle$
$= \sum_{i=0}^{N-1}\langle S_{i}^{*}\xi, S_{i}^{*}\xi\rangle$
$= \sum_{\dot{\iota}=0}^{N-1}\int_{\mathrm{T}}$ ($\sum_{w^{N}=z}\overline{m_{\dot{l}}}$(w) $\xi$(w)) $(_{w=}, \sum_{\sim},\overline{m|.}(w’)\xi(w’))dz$
$= \sum_{i=0}^{N-1}\int_{\mathrm{T}}\sum_{N}m_{i}(w)\overline{\xi}(w)\overline{m_{i}}(w’)\xi(w’)dz$.
$w’=zw_{N}=z$
$\sigma_{k}$ : $e^{-\dot{\iota}t}\mapsto e^{-i(t/N+2\pi k/N)}$ , $k=0,1,$ $\ldots,$ $N-1$
, $(*)$ , $z\in \mathrm{T}$







$=N \int_{1\mathrm{T}}\sum_{k}|\xi$( $\rho$k $(z)$ ) $|^{2}dz$
$=\sim 4$ $|\xi$ (z) $|^{2}$dz






$\{m_{i}\}_{i=0}^{N-1}$ $\subset L^{2}(\mathrm{T})$ .
(i) $m_{0}(1)=\sqrt{N}$ ,
(ii) $\hat{\varphi}(t):=\prod_{k=1}^{\infty}\frac{m_{0}(e^{-itN^{-k}})}{\sqrt{N}}$ $\mathrm{R}$ 2 ,
(iii) $a>0$ , $t\in(-a, a)$ $\hat{\varphi}(t)\neq 0$ ,
(iv) $t\in \mathbb{R}$ $\sum_{\mathrm{t}\in \mathrm{Z}}|\hat{\varphi}(t+2l\pi)|^{2}=1$ ,
(v) $L^{2}(\mathrm{T})$ $(S_{i}\xi)(z):=m_{i}(z)\xi(z^{N})$ , $\{S_{i}\}_{i=0}^{N-1}$ Cuntz
.
$\hat{\psi}_{i}(t):=\frac{1}{\sqrt{N}}m:(e^{-it/N})\hat{\varphi}(\frac{t}{N})$ : $t\in \mathrm{a}i$ =1, .. ., $N-1$
$\{\psi_{i}\}i=1N-1$ $L^{2}$ (\rightarrow . (v) $\{\psi_{i}\}|.=1N-1$
-.
$\langle$ $\psi$i, $\psi$j $\rangle$L2(R)







$\sum_{i=1}^{N-1}\sum_{n\in \mathrm{Z}}\sum_{k\in \mathrm{Z}}|\langle$ U$n$T$k\psi_{:}$ , $f\rangle$ $|=||$f $||^{2}$ , $f\in L^{2}(\mathbb{R})$
. $V_{0}$ $\varphi$ $L^{2}(\mathrm{R})$
. , $P_{n}$ $U^{n}V_{0}$ , (ii),
(iii) $narrow-\infty$ $P_{n}arrow I\mathrm{S}\mathrm{O}\mathrm{T}$L2(R) [Dau92].
$\sum_{i=1}^{N-1}\sum_{n=1}^{\infty}\sum_{k\in \mathrm{Z}}|$(U$n$T$k\psi$i, $f\rangle$ $|^{2}=||f||^{2}$ , $f\in V_{0}$
.
, $f\in V_{0}$
$\langle U^{n}T^{k}\psi_{i}, f\rangle_{L^{2}(\mathrm{R})}=\langle ek, S_{i}^{*}S_{0}^{*n-1}\mathcal{F}_{\varphi}(f)\rangle_{L^{3}(\mathrm{T})}$
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$= \frac{1}{2\pi}7^{\sqrt{N}^{n}\overline{\hat{\psi}_{\dot{*}}(tN^{n})e^{-itN^{n}k}}}$ j,(f)(e$-$“) $\hat{\varphi}(t)dt$ .
$\hat{\psi_{i}.}(tN^{n})=\frac{1}{\sqrt{N}}$m$i(e^{-1tN^{n-1}}.)\hat{\varphi}(tN^{n-1})$
$= \frac{1}{\sqrt{N}}m_{i}(e^{-itN^{\mathfrak{n}-1}})\frac{1}{\sqrt{N}}m_{0}(e^{-itN^{n-2}})\hat{\varphi}(tN^{n-2})$







$=\langle s_{0^{-1}:}^{n_{Se_{k},F}}$,(f) $)$ L2(I)
$=\langle e_{k},$ $S_{\dot{\iota}}^{*}S_{0}^{*n-1}F_{\varphi}(f))_{L^{2}(\mathrm{T})}$
.
$\sum_{\dot{0}=1}^{N-1}\sum_{n=1}^{l}\sum_{k\in \mathrm{Z}}|$ (U$n$T$k\psi_{:}$ , $f\rangle$ $|^{2}= \sum_{i=1}^{N-1}\sum_{n=1}^{l}\sum_{k\in \mathrm{Z}}|\langle$ e $h$ , $S_{i}^{*}S_{0}^{*(n-1)}F_{\varphi}(f)\rangle$ $|^{2}$
$= \sum_{i=1}^{N-1}\sum_{n=1}^{\mathrm{t}}||$S$i*S0^{*}$ (n-0\sim (f) $||^{2}$
172
$= \sum_{i=1}^{N-1}\sum_{n=1}^{l}\langle$ S; $S_{0}^{*(n-1)}F_{\varphi}(f),$ $S_{i}^{*}S_{0}^{*(n-1)}\mathcal{F}_{\varphi}(f)\rangle$
$= \sum_{i=1}^{N-1}\sum_{n=1}^{l}(F,(f),$ $S_{0}^{(n-1)}S_{i}S_{i}^{*}S_{0}^{*(n-1)}F_{\varphi}(f))$
$= \sum_{n=1}^{l}\langle$ $\mathcal{F}$,(f), $S_{0}^{(n-1)}(1-S_{0}S_{0}^{*})S_{0}^{*(n-1)}F_{\varphi}(f)\rangle$
$= \sum_{n=1}^{l}$ (\sim (f), $(S_{0}^{(n-1)}S_{0}^{*(n-1)}-S_{0}^{n}S_{0}^{*(n-1)})F_{\varphi}(f)\rangle$
$=\langle F_{\varphi}(f), (1-S_{0}^{l} t)\sim(f)\rangle$
$=||F_{\varphi}(f)$ l $2-||S_{0}^{*l}$ \sim $(f)||^{2}$ .
$\lim_{larrow\infty}||S_{0}^{*l}\mathcal{F}_{\varphi}(f)||=0$ ,
, So ( ) . So
$E_{k}:=S_{0}^{k}S_{0}^{*k}$ . $P_{u}:= \mathrm{s}-\lim E$k
$S_{0}=S_{0}P_{u}\oplus S_{0}(I-P_{u})$
Wold , .
2.1 $([\mathrm{B}\mathrm{J}07\mathrm{b}])$ . (i) $\dim P_{u}=0$ 1,
(ii) $\dim P_{u}=1$ , $z\in \mathrm{T}$ $|m_{0}(z)|=1$ .




$\sum_{k\in \mathrm{Z}}c_{n,k}U^{n}T^{k}\varphi=\sum_{k\in \mathrm{Z}}c_{n+1,k}U^{n+1}T^{k}\varphi+\sum_{i=1}^{N-1}\sum_{k\in \mathrm{Z}}d_{n+1,k},|.U^{n+1}T^{k}\psi_{:}$ $(**)$
.
$c_{n,k}=\langle$ $U^{n}T^{k}\varphi$ , f $\rangle$ =(e $S_{0}^{*n}F_{\varphi}(f)\rangle$
$d_{n+1},k,i=\langle$U$n+1$T$k\psi_{i},$ $f\rangle$ $=\langle$e $k$ , $S_{i}^{*}S_{0}^{*n}F_{\varphi}(f)\rangle$
.
$f\in V_{0}$
$(U^{n}T^{k}\varphi,$ $f\rangle_{L^{2}(\mathrm{R})}=\langle e_{k}, S_{0}^{*n}F_{\varphi}(f)\rangle_{L^{2}(’\Gamma)}$
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,
$\langle UnTkp, f\rangle_{L^{2}(\mathrm{R})}=\langle e_{k}, S_{0}^{*n}F_{\varphi}(f)\rangle_{L^{2}(\mathrm{T})}$







$\langle$U$n$T$k$ p, $f$ ) $= \frac{1}{2\pi}\int_{\mathrm{R}}\overline{U^{n}\overline{T^{k}}\varphi(t)}\hat{f}(t)dt$
$= \frac{1}{2\pi}/\sqrt{N}^{n}\hat{\varphi}(tN^{n})e^{-1tNk}." F_{\varphi}(f)(e^{-:t})\hat{\varphi}(t)d\#$ .
$\hat{\varphi}$(tN$n$ ) $= \frac{1}{\sqrt{N}}m_{0}(e^{-itN^{n-1}})\hat{\varphi}$(tN$n-1$ )
$= \frac{1}{\sqrt{N}}m_{0}(e^{-itN^{n-1}})\frac{1}{\sqrt{N}}m_{0}(e^{-itN^{n-2}})\hat{\varphi}(tN^{n-2})$
$\langle$U$n$T$k$ p, $f\rangle$Lz(g) $=5$ $\int_{\mathrm{R}}\prod_{j=0}^{n-1}\mathrm{n}_{0}(e^{-itN^{\mathrm{j}}})_{\hat{\mathit{1}}^{t}}(t)e^{-itN^{n}k}\mathcal{F}_{\varphi}(f)(e^{-1t}.)\hat{\varphi}(t)dt$
$=5$ $\int_{\mathrm{R}}\prod_{j=0}^{n-1}m$o $(e^{-\dot{0}tN^{j}})e^{-itN^{\hslash}k}\mathrm{F}_{\varphi}(f)(e -it)|\hat{\varphi}(t)|^{2}d\#$
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